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Abstract

We study the behavior of the Hausdorff dimension of sets in the Heisenberg group H", n € N, with
a sub-Riemannian metric under projections onto horizontal and vertical subgroups, and under slicing by
translates of vertical subgroups. We formulate almost sure statements in terms of a natural measure on the
Grassmannian of isotropic subspaces.
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1. Introduction

In this paper we discuss how the Hausdorff dimension of sets in higher dimensional
Heisenberg groups equipped with a non-Euclidean metric of sub-Riemannian type behaves
under projections onto horizontal and complementary vertical subgroups, and under slicing
by translates of vertical subgroups. Our results contribute to the ongoing study of the internal
metric and measure-theoretic structure of sub-Riemannian spaces. Such a program was originally
formulated in Gromov’s groundbreaking treatise [10].

Our studies are motivated by the intention to find Heisenberg counterparts of classical
almost sure statements in geometric measure theory. In the Euclidean space R” such results
are formulated in terms of a natural measure y,,, on the Grassmannian G(n,m) of all
m-dimensional linear subspaces of R” for integers 0 < m < n.

Denote by 7y : R" — V the Euclidean orthogonal projection from R" onto a subspace
V € G(n,m) and let A C R" be a Borel set. It was proved by Marstrand [14] (for the case
n = 2) and by Mattila [15] that

dimg 7y (A) = min{dimg A, m} for y, ,, almost every V. (1.1)

Moreover, the Hausdorff m-dimensional measure H'; (ry (A)) is positive for y;, ,, almost every
VeGmn m)ifdimg A > m.

Closely related to the preceding statements are results estimating the Hausdorff dimension of
the intersection of A with translates of the orthocomplement V1 of V. If t = dimg A > m, it
follows from the projection theorem that there exists an H™ positive measure set of parameters
u € V such that A NVt # @, where V.- = n;l {u} = V+ + u. Yet more can be said about the
dimension of these intersections. In [14] and [15] one finds the estimate

Hi({ueV: dmg(ANV} ) =t—m}) >0 fory,,_mae V' e Gn,n—m).

As mentioned above, our goal in this paper is to establish analogous results in the sub-
Riemannian Heisenberg group. Let us recall that the Heisenberg group H" is the unique
simply connected, connected nilpotent Lie group of step two and dimension 2n + 1 with one-
dimensional center. As a manifold, we may identify H” with R*"*! Points p € H" are written
in coordinates as

p=(x,y, 1) e R" x R" x R.
Denoting z = (x, y) = (x1, ..., Xn, Y1, - - - » Yn), the group law is given by
pxp =@, )=+, 1+ +20w( 7))

with the standard symplectic form w(z, z') = Y /_; vix] — yx;.
In this paper, we give almost sure estimates for the Hausdorff dimension of subsets of H" with
respect to the Heisenberg metric (or Kordnyi metric)

1

du(p, p)=Ilp~ xp'llg  with |pllg = (|z* + )14, (1.2)

where | - | denotes the usual Euclidean norm on R?". Although the metric dy induces the
Euclidean topology, the properties of the metric space (H", dp) are substantially different from



Z.M. Balogh et al. / Advances in Mathematics 231 (2012) 569-604 571

those of the underlying Euclidean space. For instance, the Hausdorff dimension of (H", dy)
is 2n + 2. It will thus be important to specify the metric with which we are working. We will
indicate by a subscript H concepts with respect to the Heisenberg metric, and by a subscript E the
corresponding concepts with respect to the Euclidean metric. Thus we denote by H?,, resp. H%,
the Hausdorff measures and by dimpg, resp. dimg, the respective Hausdorff dimensions. For sets
where the metrics dy and dg coincide, we will omit the subscript. We take this opportunity to
alert the reader that we will denote by B(x, r) the closed ball with center x and radius r > 0
in a metric space X. In case X = (H",dg), resp. X = (R",dg) we will write By (p, r),
resp. Be(p,r).

Note that the Heisenberg metric dy defined above is bi-Lipschitz equivalent with the usual
sub-Riemannian (or Carnot—Carathéodory) metric on H". Our conclusions are all invariant under
bi-Lipschitz change of metric. Because of its simple explicit form, we work exclusively with the
Heisenberg metric dy in this paper.

In order to describe our results we must identify suitable notions of a Grassmannian of
subspaces (or subgroups) in the Heisenberg group, as well as projection mappings into such
subspaces. We will consider the class of homogeneous subgroups of the Heisenberg group. A
homogeneous subgroup G is a closed subgroup of H" which is invariant under the intrinsic
dilations 8,(z, 1) = (sz, st), s > 0.

The homogeneous subgroups can be identified with linear subspaces of R***! which are
contained in R%* x {0} (in which case they are called horizontal) or which contain the ¢-axis (then
they are called vertical). But not all linear subspaces V contained in R** x {0} are homogeneous
subgroups, only those which correspond to isotropic subspaces V of R?", that is, subspaces on
which the standard symplectic form vanishes identically. The restriction of the Heisenberg metric
to a horizontal subgroup coincides with the Euclidean metric.

Let V = V x {0} be such a horizontal subgroup. Consider V- := V1 x R, where V- denotes
the Euclidean orthocomplement of V in R?". It is not hard to see that V* is a homogeneous
(normal) subgroup; we call it the vertical subgroup associated to V. The pair V and V- induces
a semidirect group splitting H* = V- x V: each p € H" can be written uniquely as

p = PyL(p) * Py(p),

with Py1(p) € V+ and Py(p) € V. This gives rise to a well-defined horizontal projection
Py :H"—>V, (z,1) = Py(z,1) = (7v(2), 0),

and a vertical projection
Py :H' > V5, (z,0) > Pyi(z,1) = (myr(2). 1t — 20(myL(2), Ty (2))).

Whereas horizontal projections correspond to linear projections on the underlying Euclidean
space, are Lipschitz continuous both with respect to dy and dg, and are group homomorphisms
of H", vertical projections are neither Euclidean projections, nor Lipschitz continuous, nor group
homomorphisms (see [17]). It is therefore more difficult to study the behavior of the Hausdorff
dimension of sets in (H", dy) under vertical projections than under horizontal projections.
Counterparts of the Euclidean projection theorems in the first Heisenberg group H! were
obtained in [2]. The major difference to the Euclidean results is the fact that there is no exact
formula to compute the almost sure dimension of projections, but rather a range of possible
values. Moreover, dimension can actually increase under vertical projections, a phenomenon
which is obviously impossible in Euclidean spaces where projections are Lipschitz continuous.
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Horizontal subgroups in the first Heisenberg group can be identified with linear subspaces in the
(x, y)-plane and can thus be parameterized by an angle 6 € [0, ) in the obvious way. With
respect to this identification the almost sure dimension estimates from [2] can be summarized as
follows: Given a Borel set A C H!, the following dimension estimates hold:

max{0, min{dimyz A — 2, 1}} < dim Py,A < min{dimy A, 1}
and

max{min{dimg A, 1}, 2dimyg A — 5} < dim Png
1
< min {2 dimy A, E(dimH A+ 3), 3}

for almost every 6 € [0, ).

One goal of the present paper is to establish similar results on higher-dimensional Heisenberg
groups. In this case there exist not only horizontal lines, but also higher-dimensional horizontal
subgroups which cannot be so easily parameterized. Thus, if we want to formulate almost sure
dimension estimates for projection to horizontal or complementary vertical subgroups, we first
need a natural measure on the space of all m-dimensional horizontal subgroups of H" analogous
to the measure y, , on the Grassmannian G(n, m). Since not all linear subspaces V of R2"
correspond to horizontal subgroups V, we cannot work with the full Grassmannian G (2n, m).
Instead we employ the so-called isotropic Grassmannian which is defined as the space

Gp(n,m) =1{V € G(2n,m) : V an isotropic subspace of ]RZ”}.

To each V € Gj(n, m) we associate a horizontal subgroup V and a complementary vertical
subgroup V= as above. Similarly as one defines the natural measure y, ,, on G(n,m) starting
from the Haar measure on the orthogonal group O(n), one can construct a measure (i, , On
G (n, m) from Haar measure on the unitary group U (n). It is with respect to this measure that
our results are formulated. We emphasize the elementary but important fact that the isotropic
Grassmannian G (n, m) is a submanifold of G(2n, m) of positive codimension, and that the
measure [, , does not coincide with the restriction of y», , to G (n, m).

Throughout the paper we assume that m and n are integers with 1 < m < n. For two
expressions A and B, we will write

A<B

if there exists a constant C such that A < C B; the dependence of parameters like m, n, s, ...,
will be clear from the context.

For the horizontal projections we obtain the following dimension estimates, which are exact
generalizations of results which hold in the case n = 1.

Theorem 1.1. Let A C H" be a Borel subset. Then

dim PyA < min{dimg A, m} forallV € Gj(n, m)
and

dim PyA > max{0, min{dimy A — 2, m}} for p, m almostall V € Gp(n, m).
Furthermore, if dimyg A > m + 2 then H" (PyA) > 0 for pi, m a.e. V.
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In the proof of Theorem 1.1 we will use the following purely Euclidean result on the
dimension of projections onto isotropic subspaces of R?". This result may also have applications
in symplectic geometry and seems to be of independent interest.

Theorem 1.2. If A is a Borel set in R*", then
dimg my (A) = min{dimg A, m} (1.3)
for wn m almost every V.e Gp(n, m).

As mentioned before, the isotropic Grassmannian G (n, m) is a submanifold of G(2n, m).
The w, ,-almost sure estimate in Theorem 1.2 cannot be derived from known almost sure
dimension estimates for the usual Grassmannian G(2n,m), even if one takes into account
the more precise statements on the Hausdorff dimension of exceptional sets as in [15]. See
Remark 3.3 for further discussion.

Peres and Schlag [19] made a deep study of the measure-theoretic properties of nonlinear
projection-type mappings. One reason for Theorem 1.2 to hold is that the projections my,
V € Gp(n, m), satisfy the transversality condition of Peres and Schlag. This has been shown
by Hovila [11]. Using results from [19] Hovila has obtained an alternate proof of Theorem 1.2
as well as an estimate for the Hausdorff dimension of the set of exceptional projections.

Let us briefly remark that Theorems 1.1 and 1.2, as well as our later Theorems 1.3 and 1.5
hold more generally for the class of so-called Suslin sets. The derivation of Theorem 1.1 from
Theorem 1.2, even for Borel sets A C H", requires knowledge of the latter for Suslin sets.

The situation is more subtle for the vertical projections. In this paper we limit ourselves to the
discussion of dimension bounds for vertical projections of low dimensional sets. There, a sharp
lower bound can be obtained by potential theoretic methods, using energy integrals. Although
the approach is the same as in the first Heisenberg group, the proof is more difficult as it is more
subtle to bound certain integrals, which are now given with respect to the measure w, ,. We
obtain the following result.

Theorem 1.3. Let A C H" be a Borel subset with dimyg A < 1. Then
dimpyg Py1A <2dimpg A forall V € Gy(n, m)
and

dimpy Py1 A > dimy A for py m almost every Ve Gp(n, m).

The universal upper bound follows easily from the local %-Ht’)lder continuity of Py.. Both
the upper and lower bounds indicated in the theorem are sharp. To show sharpness of the upper
bound, let A be a subset of the xj-axis with dimyg A € [0, 1] prescribed. To show sharpness of
the lower bound, let A be a subset of the 7-axis with dimyg A € [0, 1] prescribed.

In the first Heisenberg group there are also sharp universal dimension estimates which hold for
all vertical subgroups, see [2]. Such results can be proved using suitable covering arguments and
the comparison of Hausdorff dimensions with respect to the Euclidean and Heisenberg metric.
The Dimension Comparison Principle in the Heisenberg group asserts that for any set A C H"
with dimensions dimg A = o« € [0, 2n 4+ 1] and dimg A = B € [0, 2n + 2], the inequalities

max{a, 2a — 2n} =: B_ (@) < B < B4 (o) = min{2«, ¢ + 1} (1.4)

hold true. For more information on the Dimension Comparison Principle we refer the reader
to [3] and [4]. Similar ideas can be used to prove improved dimension bounds for sets A lying in
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a vertical subgroup W = V= with V € G}, (n, m). In this case, less horizontal directions have to
be considered. We leave it to the reader to verify that in this case, one has

max{e, 20 — 2n —m)} =: BY (@) < B < B (@) := min{2a, & + 1}. (1.5)

Using the estimates in (1.4) and (1.5) and similar techniques as in [2], we establish the fol-
lowing universal dimension estimates for projections in higher-dimensional Heisenberg groups.

Theorem 1.4. Let A C H" be a Borel set, let V € Gj(n, m), and let W be the complementary
vertical subgroup associated to the homogeneous horizontal subgroup V. = V x {0} Cc H".
Denoting s = dimyg A and t = dimyg Py (A) we have

1
max{O,E(s—m),s—m—1,2(s—n—1)—m}

1
§t5min{2s,s+1,5(s—m)+n+1,2n+2—m}. (1.6)

We believe that the estimates in (1.6) are sharp for all n and m, but we do not have explicit
examples to this effect at present.

The last part of this paper is devoted to the study of the Hausdorff dimension of sets intersected
with cosets of vertical subgroups. As mentioned above, this kind of result is related to the
projection theorems and uses similar machinery from geometric measure theory. We will prove
the following analogue of the Euclidean slicing (or intersection) theorem.

Theorem 1.5. Let A C H" be a Borel set withdimyg A > m~+2 such that 0 < Hi}mH A(A) < Q.
Then H™({u € V : dimg (A N (V' xu)) = dimy A — m}) > 0 for Unm-a.e. V € Gp(n, m).

We are able to analyze the intersections with cosets of vertical subgroups, in part, because we
have good information about projection to horizontal subgroups. Note that V= sy = Py ! (u) for
any u € V. We have not been able to prove results concerning slicing with cosets of horizontal
subgroups. One reason for this is that we do not have a sufficiently good understanding of the
dimension distortion behavior of vertical projections.

Theorem 1.1 is sharp as we shall show in Remark 3.4. It is also easy to see by similar examples
that the condition dimgy A > m + 2 is necessary in Theorem 1.5. As noted above Theorem 1.3
is sharp for sets of dimension at most one. However, sharp inequalities for vertical projections of
sets of dimension bigger than one remain an open problem, even in H'! (cf. the discussion in the
introduction of [2]).

The structure of this paper is as follows. We start in Section 2 with the definition of the
isotropic Grassmannian and a discussion of its properties. In Section 3 we discuss dimension
bounds for horizontal projections. In particular, we prove Theorems 1.1 and 1.2. Estimates for
vertical projections on higher-dimensional Heisenberg groups are discussed in Section 4. In
particular, we prove Theorem 1.3 in that section. In Section 5, we prove universal dimension
estimates for vertical projections. In the final section (Section 6) we prove Theorem 1.5 and
discuss other Heisenberg counterparts of Euclidean slicing theorems.

2. Isotropic Grassmannians

In this section we introduce the isotropic Grassmannian which provides the appropriate
parameter space for projection and slicing theorems in the Heisenberg group. We discuss these
Grassmannians as metric measure spaces and also as homogeneous spaces.
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Fix integers 1 < m < n. We introduce the isotropic Grassmannian
Gp(n,m) :=1{V € G(2n,m) : V isotropic subspace of RZ”}

comprising all linear subspaces with the property that the symplectic form
n
w(z,7) = Zyixf —yixi = (Jz,2')
i=1

with
2
Z:(x17"-9-xl’l’y1’--"yn)’ Z/:(-xi’-'-’x;;’yi9---’y1{1)ER”

vanishes on V. Here we denoted by (-, -) the standard scalar product on R** and by

0 I,
=(4 %)

The space Gp(n,n) is called the Lagrangian Grassmannian and is well-known in the
literature [1,6]. The isotropic Grassmannians were previously considered in the context of
Heisenberg geometry by Mattila et al. [17].

There is a one-to-one correspondence between elements V € Gy (n, m) and horizontal
homogeneous subgroups V. = V x {0} of H". To illustrate this fact, we make the following
observation. Assume that a homogeneous subgroup V of H" is completely contained inside the
hyperplane t = 0. Since V is by definition closed under group multiplication, for any (x, y, 0)
and (x’, y’, 0) in V, we have that

n
(6, y, 0% (', ¥, 0) = (x ol y Y2 ) ix — xz-y{))
i=1

is an element of V and therefore necessarily, Z?:l (yixlf — X; ylf ) = 0. It is not hard to see that
this condition is also sufficient for linear subspaces of R?**! contained in the hyperplane r = 0
in order to carry the structure of a homogeneous subgroup.

In the first Heisenberg group the space of non-trivial horizontal subgroups

Vp = spang l(“’se)} x {0}, 6 el0,m)

sin @

can be equipped in a natural way with the Lebesgue measure on [0, 7). The situation becomes
more complicated in a higher dimensional Heisenberg group H" with n > 1. There, one can
endow Gy, (n, m) with a natural measure p, , in a similar way as G(n, m) is endowed with the
measure Y, , (see [16, Chapter 3]), using unitary instead of orthogonal matrices.

Recall that a matrix C € M (2n, R) is called orthogonal, written C € O(2n, R), if CTC =
CCT =1,,. The corresponding linear map preserves the standard inner product, or equivalently,
the Euclidean distance on R?".

A matrix C € M(2n, R) is said to be symplectic, written C € Sp(n), if it preserves the
symplectic form: w(Cz, Cz') = w(z, ') for all z, 7 € R?". Equivalently, CT JC = J.

Next we consider complex linear maps. A matrix C € M(n, C) is called unitary, written

CeUm,C),if C*C = CC* =1, where C* = C’ denotes the adjoint of C. Equivalently, C
preserves the Hermitian scalar product on C".
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Each C € M(n,C) can be written uniquely as C = A + iB with A,B € M(n, R). Now
U (n, C) can be identified with a subgroup of M (2n, R) through the mapping

M@n,C) - M(2n, R), A +iB — (‘; _AB).

This is a monomorphism which maps U (n, C) on the subgroup
U(n) = Sp(n) N O(2n, R),

see for instance Proposition 2.12 in [9].

We will denote by O (2n) = O(2n, R), Sp(n), U (n) etc. both the above defined matrix groups
and the sets of linear maps which have a corresponding matrix representation.

The orthogonal group O (n) acts transitively on the unit sphere S"~! and on the Grassmannian
G (n,m). In a similar fashion, U (n, C) acts transitively on S27=1 the unit sphere in C", and
on the isotropic Grassmannian Gp(n, m). Note that gVy € Gp(n, m) for all Vy € Gj(n, m)
and g € U(n). Indeed, since V) is isotropic by assumption, the symplectic form w vanishes
identically on V). Since g € U (n) is symplectic, @ vanishes also on g(Vp).

SZn—l

Lemma 2.1. The group U (n) acts transitively on and on Gp(n, m).

In the proof of this lemma the same ideas are used as, for instance, in the proof of Theorem
1.26 (i) in [9].

Proof. Let V and V' be two isotropic m-dimensional subspaces of R?" with orthonormal bases
E={el,....,en}and & = {e], ..., e,,} respectively. Any isotropic subspace is contained in a
Lagrangian one, see for instance [9, p.15]. Denote by W and W’ two such Lagrangian spaces
which contain V and V', respectively. By completing the set £ to a basis of W and applying

Gram—Schmidt to the added vectors, we can find vectors e;,,+1, . . . , €, such that
O:{elv""em’em—Fl""?el’l}
is an orthonormal basis of W. Analogously, one can find {e;n IRTRER e;} such that
/ / /
O ={e],....ep. e 1., €}

is an orthonormal basis of W/. Then B = O U JO and B’ = O’ U JO' are orthosymplectic bases
of R?", this means that they are bases which are both symplectic, i.e.

a)(ei, ej) = a)(f,, f]) = 0, a)(fi, ej) = 5,"j for I, ] S {1, ey I’L}
(where f; = —Je;) and orthogonal with respect to the standard scalar product on R>*. Then there
exists U € O(2n) with U(e;) = e, and U(f;) = f/ foralli € {1, ..., n}. In particular, U maps
£ to £ and thus maps the isotropic subspace V to V' as desired.
Let z, Z € R?" be two arbitrary points, which we write in the form z = Y7, a;e; + b; f; and
Z2=Y"_,djei + bi fi. Since the bases O and O’ are orthosymplectic, it follows that

oU).UR) =) aib —aibi = (z.3).

i=1

Hence U € Sp(n) and therefore U € U (n) = Sp(n) N O(2n) as desired. In particular, the proof
for m = 1 shows that U (n) acts transitively on S>*~1. [
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Now fix Vy € G, (n, m) and let 1, be Haar measure on the group U (n) with 3, (U (n)) = 1.
We define a Radon probability measure p, ,, = fvoﬁﬁn with fy,(g) = gVo, i.e.

Unm(A) =0,({geUm): gVp € A}) for A C Gp(n,m). (2.1)

We will show that w, , does not depend on the choice of V(. We claim that p,, ,, 1s invariant
under U (n). More precisely, for any g € U (n) and A C Gj,(n, m), one has

Mnm(8A) = tnm(A).
This follows from the fact that ¢, is a Haar measure on U (n):
tnm(gA) = O({h € Un) : hVy € gA}) =9,({h € U(n) : g~ 'hVp € A})
=0,{g theUm): g7'hVye A) =0,{h e Un) : hVy € A}
= Un,m(A).
We define
d\V,V') = |ny —my| forV,V' € Gy(n,m), (2.2)

where || - || denotes the usual operator norm for linear maps and 7y : R? — V denotes the usual
Euclidean orthogonal projection. This yields a metric on Gp(n, m). The group U (n) C O(2n)
acts on G, (n, m) C G(2n, m) by isometries of this metric.

Consider now an arbitrary U (n) invariant Radon measure © on Gp(n,m). Let V, V' €
Gp(n,m) and 0 < r < oo. Since U (n) acts transitively on G, (n, m) there exists g € U(n)
such that gV = V’. We exploit the fact that the distance d on G, (n, m) is preserved under the
action of U (n) and the measure p is by assumption U (n) invariant. This yields

wB(V',1)) = p(B(gV, ) = u({y : d(V,gV) < rh = ug{V L d(g 'V, V)<
= u({g”'V:d@E 'V, V) <r) = u(V: d(V,V) <r})) = w(B(V,r)).

We conclude that every U (n) invariant Radon measure u on G, (n, m) is uniformly distributed:

0< u(BWV,r)=unBWV' r)<oo forallV,V'e Gnn,m), 0 <r < oo.

Lemma 2.2. The measures fVon’}n’ Vo € Gp(n, m), are all equal.

Proof. As discussed above, the measures fvoﬁﬁn, Vo € Gj(n, m), are U (n) invariant, uniformly
distributed probability measures. Hence they are all equal, see [16, Thm 3.4]. [

We fix once and for all
Vor={z=@ ) eR™: Xpp1 = =x, =y ==y, =0}. (2.3)

The following result is the analogue of Theorem 3.7 in [16] for U (n) instead of O (n).

Theorem 2.3. Forz € S*" ' and A ¢ S*" 1, 9,({g e U(n) : g(2) € A}) = o2~ (A), where
02"~ denotes normalized surface measure on S~ 1.

Proof. Note that 9,({g € U(n) : g(z) € A}) = (fz400)(A) where f; : U(n) — g2n—1 g
defined by f;(g) := g(z). Our goal is to show f;,, = 02"~ To this end, we first observe that
oIS = 1= 0,(Un)) = fo39.(S*" 7). Since 02"~ is uniformly distributed on S~ 1,
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the equality of these two measures will follow if we show that f;,9, is also uniformly distributed

on S~ 1. This can be seen as explained before, using the fact that U (n) acts transitively on S**~!
and that ¢, is U (n) invariant by definition. [

The following (purely Euclidean) Lemma is crucial for dimension bounds for both horizontal
and vertical projections.

Lemma 2.4. There exists C = C(n) such that for all z € R** \ {0} and 0 < 8 < 00, one has
pnm({V € Gp(n,m) : |myz] <8} < C8"|z|™ (2.4)
and
pnm((V € Gi(n,m) @ |my1z] < 8)) < C82 7" [z 72", (2.5)
Proof. The proof is analogous to that of Lemma 3.11 in [16], using Theorem 2.3. First, we

explain how to prove (2.4). Second, we sketch how to derive (2.5) by a similar argument.
Notice that

Z
wyz = |z|my m

which allows us to assume |z| = 1. Recall that we are working with the Euclidean distance and
the Euclidean orthogonal projection on V. Therefore |7y z| = dist(z, V. Consequently

tam({V vz <8)) = wam({V : dist(z, V) < 8))
= 9,({g € U(n) : dist(z, g(Vo)*) < 8}),

where V) is as in (2.3); the second equality here follows directly from the definition of the
measure [, . Since each g € U (n) is orthogonal we have g(Vo)t = g(VOL) and therefore

tam({V 2 |myz] < 8)) = 9,({g € Um) : dist(z, (V) < 8))
= 9,({g € Un) : dist(g~'(2). V§") < 8})
= tp(lg € Un) : dist(g(2), V5" < 8}
= o2 T({w e ST dist(w, V§h) < 8)),
where we have applied Theorem 2.3 in the last step. Then it follows as in [16, p.50] that
o 1w e 711 dist(w, V) < 8)) < a@n)~12%16™,

which concludes the proof of (2.4).
The second inequality (2.5) can be derived by a similar argument. First, one proves that

tnm({V ¢ |myrz] <8)) = ({w e SP71 1 dist(w, Vo) < 8)).
We conclude as before that 62"~ ({w € S**~! : dist(w, Vp) < 8}) < a(2n)~1227820—m [

The isotropic Grassmannian Gp(n,m), m € {1,...,n}, can also be endowed with the
structure of a homogeneous space, using the transitive action of U(n) on Gj(n, m). In order
to describe this space more precisely, we study the stabilizer subgroup

Gyy=1{geUm): gVo=Vo}

of the fixed subspace Vj given in (2.3).
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Lemma 2.5. Let h : R?* — R?! be linear. The following conditions are equivalent:

1. h e Uk);
2. h= (‘; ‘AB) with A, B € M(k, R), AA" + BB’ = I, and BA' = AB/;

3.h= (5 ) with A, B e M(k,R), A'A+B'B =1, and B'A = A'B,
This fact is standard, see e.g., [9, p. 33].

Proposition 2.6. Let Vy be as in (2.3). A linear transformation g : R*" — R?" belongs to the
stabilizer group Gy, if and only if it has the form

G 0 0 0

1 0 G 0 G
£l 0 0 Gy 0
0 Gp 0 Gu
with G11, G33 € M(m, R), G2, G2, Ga2, G44 € M(n — m, R), G11 = G33 € O(m) and
Gn G
(G42 G44> e U(n —m). (2.6)

The stabilizer group Gy, is isomorphic to O(m) x U(n —m).

Proof. We decompose R?" as R” x R*™™ x R™ x R"™™ and write accordingly a given linear
map g : R? — R?" in block matrix form

Gii G2 Giz Gy
1621 G2 Gz Gog
£71Gs Gxn Gz Gy

Gy Ga Guz Gy

Since g preserves R x {0}, it follows that Go; = G3; = G4; = 0. As g is unitary, we may
apply Lemma 2.5 with

A= (% Gn)=(En ) me =0 2)=(Tén Zau) e
The condition AA’ + BB! = I, implies

G2Ghy + GGy =1, (2.8)
while BA’ = AB' yields

GG, = GnGl,. (2.9)

With the help of Lemma 2.5 it follows from (2.7), (2.8) and (2.9) that (2.6) holds. Using
A’A +B'B = I,,, we find G|,G1 = I, which suffices to show that Gi; € O(m) and thus,
by (2.7), also G33 € O(m). Moreover, (2.7) immediately implies G13 = G23 = G43 = 0. The
condition A’A + B’B = I, also yields G| ;G2 = 0, which gives G2 = G34 = 0. Similarly, one
can conclude from B’A = A’B that G3p = G4 = 0. It follows that the matrix corresponding to
g is of the desired form.

Conversely, it is easily verified that any block matrix of this form belongs to Gy, .
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Finally, the map from O(m) x U(n — m) to U (n) given by
G 0 0 0
Gy G 0 Gxn 0 Gy
(G“’ <G42 G44)> | o 0 G O
0 Gu 0 Gu

is an isomorphism from O (m) x U(n — m) onto Gy,. U]

Proposition 2.7. The isotropic Grassmannian Gp(n, m) is isomorphic to the quotient space
Umn)/O(m) x U(n —m).

Proof. The group U(n) acts transitively on Gp(n, m). By a well-known result, Gj(n, m) is
isomorphic to U (n)/Gy,. The claim follows by Proposition 2.6. [

In the following, we discuss in more detail the homogeneous space U (n)/ O (m) x U (n — m);
this allows us to better understand the Grassmannian G (n, m).

As mentioned above, we identify G, (n, m) with U(n)/ O (m) x U (n — m) by the mapping
V=gV <+— gGy,.

The identification is well defined since gV = g’V for g, ¢’ € U(n) ifand only if gGy, = ¢'Gy,.
The quotient U (n)/ O (m) x U (n —m) carries the structure of a smooth manifold with dimension

dimUn)/O(m) x U(n —m) = dim U (n) — dim O(m) x U(n — m)

=n?_ (—m(mz— D + (n— m)z)
oy Gm =D
2

In particular, the Lagrangian Grassmannian G (n, n) is a manifold of dimension %n(n + 1).

Remark 2.8. The codimension of G, (n, m) in G(2n, m) is

mQ3m — 1)) _m@m—1)

= dim O (m).

(2nm — mz) — | 2nm —
2 2

This can be explained as follows: there is an extra O (m) degree of freedom in G (2n, m) which
is not present in G, (2n, m) since in G(2n, m), unlike in Gj(n, m), we are free to rotate the
symplectic complement of the given subspace V by an orthogonal map.

The standard invariant Riemannian metric on U (n) induces a Riemannian metric and a
Riemannian volume on the homogeneous space Gj(n, m). The resulting metric is bi-Lipschitz
equivalent to the metric introduced in (2.2), while the resulting measure is comparable to the
Hausdorff measure of dimension dim G, (n, m) and to (.

Remark 2.9. To conclude this section we remark that U(n) also acts by isometries on the
Heisenberg group (H", dy ), according to the formula g - (z, ) = (gz, t). In the following section
we will consider the images of subsets of both R?” and H" by unitary matrices.
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3. Dimension bounds for horizontal projections

In this section we discuss upper and lower bounds for the dimension of horizontal projections
of subsets of the Heisenberg group H". In particular, we prove Theorem 1.1.

We begin by establishing Theorem 1.2. As mentioned in the introduction, this purely
Euclidean result may be of independent interest.

The proof of Theorem 1.2 uses energy estimates and Frostman’s lemma. For Suslin subsets of
complete, separable metric spaces, such results are due to Howroyd, see [12]. We briefly recall
the relevant statements and refer the reader to [12] or [16, Chapter 8] for more details.

By M (A) we denote the collection of positive, finite Borel regular measures supported on a
set A in a metric space X.

Theorem 3.1 (Frostman’s Lemma). Let A be a Suslin subset of a complete, separable metric
space (X, d). Suppose that there exists s > 0, u € M(A), and ro € (0, o0] so that the inequality
pn(B(x,r) <r’ (3.1)

holds for all x € A and 0 < r < rg. Then H*(A) > 0. In particular, dim A > s. Conversely, if
H*(A) > O then there exists @ € M(A) so that (3.1) holds for all x € A and r > 0.

The s-energy of a measure u € M (A) is defined to be

Is(u)=/fd(x,y)_sduxduy.
XJX

Theorem 3.2 (Frostman’s Lemma, Energy Version). Let A be a Suslin subset of a complete,
separable metric space (X,d) and let s > 0 be such that there exists @ € M(A) with
Iy(n) < o0. Then dim A > s. Conversely, if s < dim A, then there exists u € M(A) with
I(n) < oo.

Proof of Theorem 1.2. Let A C R?* be a Suslin set. Since the upper bound in (1.3) holds
trivially for all V € G, (n, m), it suffices to establish the lower bound for w, ,-a.e. V.
Let us assume that dimg A < m. Pick an arbitrary 0 < s < dimg A. Then there exists

uw e M(A) with
Ii(n) = / / |z —w|™ duzdpw < oo.
AJA
Then, analogously as in the proof for G (n, m), see [7] or [16],

/ I (rygp) dpn,mV = / / Iy (z — w)|~* duzdpw dpy vV
Gp(n,m) (n,m) JAJA

G

=//f Iy (2 — w)| ™ ditp,m V duzdpw S I(w).
AJAJGL(n,m)

In the last step we have used Lemma 2.4 and the following estimates:

o0 1
f v (2 = W)™ AV =f lm (V¢ vz — w)| < 773} dy
Gp(n,m) 0

|Z_w|_s o0 1
5/ dn+/ Unm{V ¢ |lry(z—w)| <n s})dy
0 |

z—w|™
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(08}
Slz—wl_s+Clz—w|_’"f n~ s dyp < Clz —w|™".
lz—w|™*
Thus Is(wyyp) is finite for wy, ae. V € Gp(n,m). By Theorem 3.2, we conclude that
dimg 7y (A) > s for w, , a.e. V € Gp(n, m). This completes the proof.

Remark 3.3. Theorem 1.2 is the analogue for Gj(n,m) of classical Euclidean projection
theorems for the usual Grassmannian. The result is somewhat surprising. Consider for example
the case n = m = 2. Let A be a subset of R* with dimg A = s < 2. Then, by classical projection
theorems, dimg 7y (A) = dimg A for y42 ae. V € G(4,2). By a result of Mattila [15] the
exceptional set of spaces V € G (4, 2) for which dimg Py (A) # dimg A is of dimension at most
2 + s, and by results of Mattila and Kaufman [13] this estimate is sharp. On the other hand, the
dimension of the isotropic Grassmannian G (2, 2) is equal to 3 which is smaller than the largest
possible dimension 2 + s of the exceptional set related to A, provided that dimg A = s > 1.
So one could a priori imagine a situation where G (2, 2), or more generally Gj(n, m), is
completely hidden inside the exceptional set of directions for which the lower dimension bound
of Theorem 1.2 does not hold. The theorem shows that such a situation cannot occur.

By exploiting the relationship between the Euclidean projection my and the Heisenberg
horizontal projection Py with V. = V x {0}, Theorem 1.2 can be applied in order to prove
Theorem 1.1 on the almost sure dimension bounds for horizontal projections.

Proof of Theorem 1.1. The upper bound follows from the Lipschitz continuity of Py and the
monotonicity of the dimension, using the fact that the Heisenberg distance coincides with the
Euclidean metric on every horizontal subgroup V.

Concerning the lower bound, we prove by an appropriate covering argument that

dimg 7 (A) > dimy A — 2, (3.2)

for every A C H", where 7 : H” — R?" denotes the standard projection 7 (z, 1) = z.

We may assume without loss of generality that A is bounded. In fact, let us assume that
[t|] < 1 for all points p = (z,t) € A. Let s > dimgmw(A), let ¢ > 0, and cover the set
7 (A) with a family of Euclidean balls { Bg(z;, r;)}; so that ) ; r’ < e. Since the projection map
7 (", dy) — R, dg) is 1-Lipschitz, the fiber 7~V (Bg(z, r)) contains the ball By ((z, 1), r)
for any t € R. The shape of Heisenberg balls is described by the well-known Ball-Box Theorem.
We can choose an absolute constant Cop > 0 and N; < Corl._2 values #;; so that the family
{Bu((zi, tij), Cori)}j covers the set Bg(z;, r;) x [—1, 1], see also similar estimates in [4]. Then
the family { By ((zi, t;j), Cori)}i,j covers the set A. Denoting by r(B) the radius of a ball B, we
compute

> r(Bu((i, tij), Cor)) > =Y " Ni(Cori)*™* <C ) rf < Ce
ij i i
for some C depending only on Cy and s. Letting ¢ — 0 gives

HF2(A) =0

sodimy A < s + 2. We obtain (3.2) by letting s tend to dimg 7w (A).
Now we may apply Theorem 1.2 to the Suslin set 7 (A) in order to get

dimp (Py(A)) = dimg 7y (7 (A)) > min{dimg 7 (A), m} > min{dimy A — 2, m}
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for w,. » almost every V € Gy (n, m). Note that in general the projected set w(A) may be only a
Suslin set, even if the original set A C H" is a Borel set.

The final statement in the theorem (on the w, ,, a.e. positivity of H" (PyA)) will follow from
a result which we will prove in Section 6. See Proposition 6.1 and its Corollary 6.2. [

Remark 3.4. Theorem 1.1 is sharp as we will now demonstrate. Foreach 0 < s < m + 2 we
will construct sets A, B C H" so that dimy A = dimy B = s,

dim Py(A) = min{s, m} (3.3)
forall V € Gj(n,m), and
dim Py(B) = max{0, s — 2} (3.4)

for all V in some subset of G, (n, m) of full u,, ,, measure. Moreover, foreachm+2 < s < 2n4-2
we will construct a set A C H" so that dimyg A = s and H"(PyA) > Oforall V € Gj(n, m).
First we give examples realizing the upper bound; these are the sets denoted A in the previous
paragraph. If s < m, choose an s-dimensional set A’ C Vj, where Vj is a fixed element of
Gp(n,m).Let{Vy,...,Vy}bea %—net in Gy (n, m). Corresponding to these subspaces, we may
choose matrices g1,...,gny € U(n) with g;(Vp) = V;, i = 1,...,N. Let A = vazl gi(A).
Then dimg A = s. Now consider Py(A) for an arbitrary V € Gj(n, m). There exists
i € {l,...,N}such that d(V,V;) < %, where d denotes the metric on Gj(n, m) defined as
in (2.2). We claim that V; N V1 = {0}. Indeed, assume towards a contradiction that there exists
v € V; N VL with v # 0. Without loss of generality, we may assume that [v| = 1. It follows that

d(V, V) = llmy —ny |l = |y (v) — 7y, ()] = [v] = 1,

which contradicts the assumption. Thus, ker(wy|y,) = V; N V+ = {0} and wyly, : Vi = Vis
bi-Lipschitz. Thus, dimy Py(g;(A’)) = s, in particular, dimy Py(A) = s.

If s > m, choose again any s-dimensional set A” C H" and let A = A’ U vaz 1 8 (Vo). Then
dimg A = s and H"(Py(A)) > Oforall V € Gj(n, m).

We now give examples realizing the lower bound; these are the sets denoted B in the first
paragraph of this remark. If 0 < s < 2, choose an s-dimensional set B contained in the 7-axis.
Then Py(B) = {0} for all V € Gyj(n,m). It remains to construct the desired set B in case
2 <s < m+ 2. For fixed Vy € Gj(n, m), choose any set By C Vj of dimension s — 2. Set
B ={(z,t) : z € By,t € R} ¢ H". Then B is s-dimensional and Py(B) = my(B1) x {0} for
any V € Gy (n, m). The result follows from Theorem 1.2.

We emphasize that the above construction works for an arbitrarily chosen set By C Vj. On the
other hand, it is possible to use the construction in the first part of the remark in order to define a
particular set B with dimg B = s and dim Py(B) =s — 2 forall V € Gj,(n, m).

4. Lower bounds for the vertical projections

The aim of this section is to prove Theorem 1.3 on the lower dimension bound for vertical
projections of low dimensional subsets in H". Analogously as in the case n = 1, already
discussed in [2], the idea is to use energy methods in order to establish this lower bound. The
goal is to show for 0 < s < 1 that there exists ¢ = c¢(n, m, s) > 0 with

/ di(Pys(p), Py (@)™ dpinmV < cdp(p, @)~
Gp(n,m)

forall (p,q) € A X A, p #gq. 4.1
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Although the idea is the same for all dimensions, the proof of (4.1) is more subtle for n > 1
than for n = 1 and requires careful work with the measure wu, ,. As preparation, we provide
explicit formulas for the Heisenberg distance of points and the distance of the respective image
points under vertical projection. Given points p = (z, t) and g = (¢, T), we observe that

dn(p.q) =1z = ¢+ (t — T — 20, 2))

while dy (PyL(p), Py (g)) is equal to

Py L= O+ =7 = 2001y L Q). 7y (@) + 2001y L €). 7Y () — 20Ty L (©)., 7/ L D).

Proof of Theorem 1.3. Let 0 < s < dimyg A < 1 and let © € M(A) be a measure with
I; () < oo. The existence of such u is guaranteed by Theorem 3.2.

Let us assume that the inequality in (4.1) has been established. Then, for the Frostman measure
uw e M(A), we find

| sy
Gj(n,m)
=/// dy (PyL(p), Py1(q))~" ditn,mV dup dug
AJAJG(n,m)

< c/ / dy(p,q)" dupdug = cls(n) < oo,
AJA

which proves that I;((PyL)gp) is finite for w, , ae. V. € Gp(n,m). This in turn yields
dimpy Py1(A) > s for u,,, ae. V € Gp(n,m), see Theorem 3.2. Taking the limit as s
approaches dimg A concludes the proof of Theorem 1.3. [

It remains to establish (4.1). The remainder of this section is devoted to this task.

To this end, we split the set {(p,g) € A x A : p # g} into two subsets where either the first
or the second summand in the formula for dg (p, ¢) 1s dominating. Restricting to these subsets
makes the desired integral estimate easier to obtain.

More precisely, let us define

Ar=1{p.q) € Ax A: |z—¢|* = (t =1 —20(¢,2))* with p # g}

and
Ay ={(p.) € AxA: |z —¢|* < (t — 7 —20(. ).

Consider first points p = (z,t) and ¢ = (¢, ) with (p, g) € A;. Observe that

du(Py1(p), Pyi(q)) " <lmyi(z—0)|77,

and dy(p,q)~* > 2" 3|z — |~ forall V € G (n, m). Thus
| P P @) GV = [ = O dnV.

G (n.m) G (n.m)

Similarly as in the proof of Theorem 1.2, we can apply Lemma 2.4 in order to show for0 < s < 1
(even for 0 < s < 2n — m) that there is a constant ¢ = ¢(m, n, s) such that for z — ¢ € R?*\ {0},
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we have
/ 7y = O oV < clz — 1.
Gp(n,m)

Notice that we may assume z # ¢: indeed, if z = ¢ and |z — ¢|* > (t — T — 2w(z, ¢))? then it
follows that # = t and thus p = q. It follows that for (p, g) € A1 we have

/ A Py (p), Py (@)™ dpinmV < / iz = O dpnmV
Gp(n,m) Gp(n,m)

<clz—=¢17 Sdu(p, )",

as desired.
Consider now points p = (z,t) and g = (¢, ) with (p, g) € Ajy; this is the more difficult
case. Using the facts w1 (z) = z — vy (2) and w(7wy (z), wy (¢)) = 0, we see that

w(mTy1(2), 7v(2) —o(@y1 (), 7v(§)) + @@y (£), Ty 1(2))
= (x)(Z - ;?TFV(Z + g)) —|—a)(§',z)

for arbitrary V € Gj(n, m). Hence
e [ du P (0). P @)™ dinnV
Gj(n,m)

is bounded above by

/ |t—r—2w({,z)—2a)(z—{,nv(z+§))|_s/2 dunmV. 4.2)
Gp(n,m)

If z = ¢, then the integrand in (4.2) is equal to |t — 7| ™*/? andso I = |t —7|™*/> = dy(p, q9)~*.
If z = —¢, then again [ = |r — t|~/2. Moreover, in this case dg (p, ¢) = v 16|z|* + (1 — 7)2 <
214 — 7|Y/2 (since (p, q) € Az) and so I < 25/*dy(p, g)~*. In view of these facts we may
assume z # +¢. We rewrite (4.2) in the form

t—1—2w(,2)

lz+¢llz—¢
—s/2

<|z+;||z—c|>—f/2f

Gp(n,m)

(=em ()
—2w , Ty
|z — ¢ lz+¢

Our goal is to prove (4.1), which means that we should find a constant ¢ > 0 such that
I < cdy(p,q)~° for all (p,q) € A». This boils down to an estimate for an integral of the
type th(n,m) la — 2w (v, Ty (w))| /2 dup,,mV fora €e Rand v, w € S?7=1. Such an estimate is
contained in the following proposition.

dpen,mV.

Proposition 4.1. Let 0 < s < 1. The estimate
/ la = 200, 7y )]~ djty ¥ < 1 (4.3)
Gjp(n,m)

holds forall a € R and v, w € S,



586 Z.M. Balogh et al. / Advances in Mathematics 231 (2012) 569-604

Assuming the validity of this proposition, let us complete the proof of the theorem. We
consider two cases. Notice that |2 (v, 7y (w))| < 2 forall v, w € S**~ 1. If

_li—t=20¢, 2] _

|al
|z 4+ ¢llz — ¢

b

then

It — 7 —2w(,2)|
|z +¢llz = ¢

—s/2
IS (|Z+§|Iz—§|)_s/2< ) <du(p,q)".

If
It — 17— 2w(, 2)
la| = ;

|z +¢llz — ¢

then the result follows by an application of Proposition 4.1:

I<Sz+llz—eD <t —1 =20 )7 <du(p,q)~".

It remains to prove Proposition 4.1. We will divide the proof into two cases: the Lagrangian
case (m = n) and the sub-Lagrangian case (1 < m < n). The proof in these two cases will
proceed by rather different methods.

Proof of Proposition 4.1 in the sub-Lagrangian case m < n. For W € G, (n,m + 1), let
GW,m)={VeGR2n,m):V C W}

Then G(W,m) C Gp(n, m). Let uw ,, be the natural measure on G (W, m). For a nonnegative
Borel function f on Gj(n, m), we have

f f it = / / FOV) AtV Qi st W. (4.4)
Gp(n,m+1) JG(W,m)

Indeed, both sides define positive linear functionals on the space of nonnegative Borel functions
on G (n, m) and thus define Radon measures by Riesz’s representation theorem. Moreover, both
measures have total mass one and are invariant under the transitive action of U (n). Since such
measures are uniquely defined (see for instance [8, 2.7.11(2)]), the identity (4.4) follows. Writing
S(W) = S~ N W, we obtain

f f ditm = ¢ / / F@) dH™e dpty i W,
Gp(n,m+1) JS(W)

where f(e) = f(et N W).
Suppose now that V € G(W, m) for some W € G, (n, m + 1) with m < n. Then

w, ry (w)) = (Jv, 7y (w)) = (Tw Jv), 7y (Tw (w))).

We may write V = et N W for some e € S(W). Then 7y (x) = x — (e, x)e for x € W and
w(, wy (w)) = (rw Jv), 7w (w)) — (Tw (W), e)(Tw (Jv), e).

For technical reasons, we consider the set

(Gr(n,m+1))yw ={W € Gp(n,m) : awJv) # 0 and Ty (w) # 0}.
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By Lemma 2.4 we have w, , (Gp(n,m) \ (Gp(n,m))y ) = 0. We may write the integral in
(4.3) as

f la — 2 v, Ty (W) % dpty.m V

= c/ / la = 2(mw (Jv), Tw (w))
(Gh(nm+1))y, I S(W)

+2(mw (w), e) (mw (Jv), )| 2dH™ e din m1 W

=c / |lmw (JV) |7/ | (w)| /2 / Ib(W)
(Gr(n,m+1))yw S(W)

+2(8, e)(w, e)| /% dH™e djwp i1 W (4.5)
where
bw) = 2(mrw (Jv), ﬂW(w))’

lw (Ju)| lrw (w)]

v =nwJv)/lrw Jv)|, and w = mww (w)/[mw (w)!.
We shall prove that the inner integral is uniformly bounded.

Lemma 4.2. Suppose 0 <s < 1 and m > 1. Then for v,w € S™ and b € R, we have

f b+ 2(v, e)(w, )| /> dH™e < 1. (4.6)

Assuming the lemma, we establish (4.3). We may identify S(W) with S™. In (4.5) the inner
integral is uniformly bounded for all v, w and W. Hence

f la — 2w, wy (w)| /2 dipmV
< / rw (V)| 72 mw (w) | 7572 djag sy W
(Gr(n,m=+1))y,w

= |mw (V)| 72 | (w)| 7% djty g W
Gp(n,m+1)

1/2 1/2

(/ lrw (Jv)| ™ dun,m+1W) (f lrw (w)|~° d,un,m—HW)
Gp(n,m+1) Gp(n,m+1)

1

by Corollary 3.12 in [16] or as in the proof of Theorem 1.2 above. This concludes the proof of
Proposition 4.1 in the sub-Lagrangian case, except for the proof of Lemma 4.2. [

[A

<

~Y

The integrability of polynomials to negative powers is well-studied in complex algebraic
geometry where it is related to the log canonical threshold: for an informative account see [18].
But such results cannot be easily applied to integrals over manifolds such as spheres or
Grassmannians. In our explicit context we prefer to prove Lemma 4.2 directly.

Proof of Lemma 4.2. First we observe that it suffices to prove the statement for b lying in a
compact interval centered at the origin, since the integrand is clearly uniformly bounded for
large |b|. Define f(e) = b + 2(v, e){(w, e). It suffices to show that every point e € S”, f(e) # 0
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or some of the first or second order partial derivatives of f along S” at e does not vanish. If this
is true then, by continuity and compactness, there is ¢ > 0 independent of b, v and w such that
one of these quantities is at least ¢ at every e € S™. This allows us to deduce (4.6) from sub-level
set estimates as in Lemma 3.4 and its proof in [5].!

Fix ¢ € S™, and for u € S™ Ne+ and & € [0, 1] define

fu(€) :f<‘/1—$26+$u> :b—|—2<v,‘/1—§Ze+$u><w,,/1—.§ze—|—§u>.

Direct computations give f,(0) = 2({v, e){(w, u) + (v, u){w, e)) and f,/(0) = 4((v, u)(w, u) —
(v, e)(w, e)). Consequently,

1, o1, 2 2 2 2
IO + = £0) _((v,e) + (v, u) )(<w,e> + (w, u) ) 4.7)

We will show that there exists u € S™ N et such that either f/(0) # 0 or f(0) # 0. Suppose
not. Then at least one of the two factors on the right hand side of (4.7) is equal to zero for some
choice of u. Without loss of generality assume that it is the first factor. Then (v, e) = 0,s0v € et
and the desired conclusion holds unless 0 = f,(0) = f,/(0), i.e., unless (w, e¢) = (w,v) = 0.
In the latter case, we also have w € e®. Then av + fw € S” N e™ for all @ and B satisfying
a? + g% = 1. If (v, w) = 0 then choose any such pair («, 8) with a8 # 0, while if (v, w) % 0
then choose o« = (1 + (v, w)) "2 and B = (v, w) (1 + (v, w))~!/2. With these choices of « and
p we compute f 5, (0) = 4B+ (v, w)H) + (v, w)) =8(v,w) #0. O

We now give another argument which covers the Lagrangian case m = n in the statement of
Proposition 4.1.

Proof of Proposition 4.1 in the Lagrangian case m = n. Let
Vo = R" x {0} = span{ey, ..., e,}.

According to Proposition 2.7, the Lagrangian Grassmannian Gp(n, n) is identified with the
homogeneous space U (n)/ O (n). By the definition of the measure w, ,, (see (2.1)) we have

f @ — 2w (v, Tev, (w)| /2 dd, (g) = f la =2 (v, 7wy (W) djtn n (V).
Un) Ghu(n,n)
Consequently, it suffices to consider the integral
f la =2 (v, Tgv, (w)| ™2 v, () (4.8)
U(n)
which we will do from now on.
The standard basis {eq, . .., e,} is an orthonormal basis for Vj. For every g € U (n), the family
{ge1, ..., gey} 1s an orthonormal basis for gVy. Thus mgy, (w) = Z’}Zl (w, gej) gej and
n n
oV, Tev, () = (Jv, Tev,(w)) = > (w, gej) (Jv, gej) = > (g7 w.ej) (g7 . e;).
j=1 j=1

11 emma 3.4 in [5] is formulated in R", but easily transfers to S via chart maps.



Z.M. Balogh et al. / Advances in Mathematics 231 (2012) 569-604 589

Since g is symplectic, g/ commutes with J and so

n

o, mev,(w) =Y (g w, e;) (Jg" v, e)).
j=1

Our goal now is to study the behavior of the function F : U (n) — R given by

F(g) =a— 200, myw) =a—2) (g"w.e;)Jg'v.e)) (4.9)
j=1

in a neighborhood of the hypersurface Z = F~1(0). As in the previous proof, by an appeal to the
sub-level set estimates in [5, Lemma 3.4], it suffices to check that F vanishes to no worse than
second order along Z. Again, to make the argument precise we should work in coordinate charts.
To simplify the exposition we show here that at each g € Z, either DF(g) # 0 or D*F(g) # 0.
To this end, we will exhibit explicit one-parameter families (gs) passing through each g € Z so
that, setting f(s) = F(gy), we have either f/(0) £ 0 or f”(0) # 0.

At this stage to further simplify the exposition we switch to the complex unitary group
Un,C) = {g € M(n,C) : g*g = 1,}. Recall that U(n, C) maps onto U(n) by the
monomorphism

. A —-B
g:A—|—1B+—><B A)'

Identifying the vectors v, w € S?*~! as vectors in the unit sphere of C”, we observe that the
function F given in (4.9) takes the form

n

F(g) =a+ ZZRe(g*w ec¢;)Im(g*vec)).
=

Here we wrote z e w for the standard Hermitian inner product on C".
The tangent space to U (n, C) at g can be identified as follows:

T,U(n,C) = {B € M(n,C): g"B+B*g =0}.

It is clear that T,U (n, C) = gTy, U (n, C) where T, U(n,C) = u(n,C) = {A € M(n,C) :
A + A* = 0} denotes the Lie algebra of U (n, C) consisting of skew-Hermitian matrices.

For fixed A € u(n, C) consider the one-parameter family (g;) given by g; = g exp(sA). Then
80 =8 and %gs|s=0 = gA-

Lemma 4.3. Let

i 0
= 0)

let (g5) be the one-parameter family described above, and let f(s) = F(gs). Then f'(0) = —2
Re(01 wy) and f"(0) = —41Im(01 wy).

Here and henceforth we denote by v, resp. w, the vector g*v, resp. g*w. Note that v and w
are still unit vectors, since g is unitary.

Remark 4.4. The index 1 in Lemma 4.3 can be replaced by any index k between 1 and n.
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Corollary 4.5. If f'(0) = f”(0) = O for all such one-parameter families (for each k =
1,...,n), then for each k either Uy = 0 or wy = 0.

Proof of Lemma 4.3. With A given as in the statement of the lemma, we compute
M0
gs =& eXp(sA) =¢ (0 In—l)

and f(s) = F(g,) = a+2Re(e ¥ w;) Im(e ¥91)+2 >~y Re(i;) Im(D;). Direct computation
yields the stated values for f'(0) and f”(0). O

Lemma 4.6. Let

0 i O
A=1]i 0 0],
0 0 O

let (g5) be the one-parameter family described above, and let f(s) = F(gs). Then f'(0) =
—2Re(0] wy + vy wy) and f”(()) = —4Im(v; Wy + Uy wy).

Remark 4.7. The indices 1 and 2 in Lemma 4.6 can be replaced by any distinct indices k and [
between 1 and n.

Corollary 4.8. If f'(0) = f”(0) = O for all such one-parameter families (for each pair
k,l1=1,...,n,k #1), then for each k # | we have v w; + U; Wy = 0.

The proof of Lemma 4.6 proceeds along similar lines as that of Lemma 4.3.

Using these two lemmas, let us complete the proof of Proposition 4.1. Suppose that f/(0) =
f”(0) = 0 for all the one-parameter families described in Lemmas 4.3 and 4.6, for some choice
of ¥ and @ in S*"~!. According to Corollary 4.5, either 91 or W is equal to zero: without loss of
generality assume 0; = 0. By Corollary 4.8, either w; = 0 or 0, = v3 = --- = 0, = 0. Since all
entries of U cannot be nonzero we must have w; = 0. The same argument can be applied with
the index 1 replaced by any index k to conclude that all of the entries of v and w are equal to
zero. But this obviously contradicts the fact that 9, W € S*"~!. This contradiction implies that
(f'(0), f7(0)) # (0,0) for at least one of the one-parameter families described above. From
here we see that either D F(g) or D?>F(g) is nonzero. As previously indicated, this fact suffices
to finish the proof of Proposition 4.1 in the Lagrangian case. [l

Remark 4.9. An argument as above might also work in the case m < n with some additional
choices of one-parameter families (gg). In fact, we can proceed as above to define F with
summation only up to m. Then, with the previous paths (gy), if £(0) = f'(0) = f”(0) = 0, we
can conclude that a = 0. So it would be enough to find a separate argument in the case a = 0.
Note that even though a # 0 in the case of pairs (p, g) in A> we cannot use this fact, since in
verifying Proposition 4.1 we referred to compactness.

On the other hand, for the case m = n there could also be a way of using a method similar to
that which we used for m < n by an appropriate splitting of the space of Lagrangian subspaces.
We have not pursued seriously either of these alternatives since we thought that presenting two
somewhat different methods might be useful in other occasions.
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5. Universal dimension estimates for vertical projections

The goal of this section is to prove Theorem 1.4.
First, we prove the upper bound on ¢ in (1.6). The estimate t < 2s follows from the local
%—Hi)'lder continuity of Pyy. To establish the estimate ¢t < s + 1 we compute

dimyg Pw(A) < dimg Pw(A)+1 <dimg A+ 1 <dimy A + 1.

Here the first and last inequalities follow from the dimension comparison principle in H", while
the second inequality follows from the fact that the (nonlinear) mapping Py acting on R?"*1 is
locally Lipschitz and hence reduces Hausdorff dimension.

The inequality ¢+ < 2n + 2 — m is obvious since 2n + 2 — m is the Heisenberg dimension of
the ambient space W containing the set Pyy(A). It remains to establish the inequality

1
tfi(s—m)—l—n—i—l. (5.1)

We use a covering argument similar to that used in the proof of Proposition 4.3 in [2]. The
projection Py (Bg(p,r)) looks like the Cr2-vertical thickening of a (2n — m)-dimensional
algebraic set Z transverse to the vertical direction.

In the following lemma, we denote by H, = {p * (z,0) : z € R*"} the maximal horizontal
affine subspace of H" passing through the point p.

Lemma 5.1. Denoting Z := Py (Bu(p,r) N H,), we have Pw(Bu(p,r)) S Ng(Z,Cr?),
where Ng(Z, Cr?) denotes the Euclidean Cr? neighborhood of Z in W.

The proof of this lemma is similar to that found in [2].

Lemma 5.2. The set Ng(Z, Cr?) can be covered by Heisenberg balls By (pj, r2)NW, pj €W,
1 <j <N, where

=o((B)()) o)

Proof of Lemma 5.2. First we estimate the number of Euclidean balls of radius r2 needed to
cover Ng(Z, Cr?). Since the Euclidean diameter of Z is < r, we need for each horizontal

)

direction 0(%) Euclidean balls of radius r2. As W is spanned by 2n — m horizontal and
one vertical direction, this amounts to O(rz,,%m) Euclidean balls of radius 72 needed to cover
Ng(Z,Cr?).

Next, we verify how many Heisenberg balls of radius 7> (intersected with W) are needed to
cover one Euclidean ball of radius 2 (intersected with W). As B ( Pj r2) looks roughly like a
parallelepiped with horizontal edges of length O(r?) and vertical height O (+*) for small r, we
need O (riz) Heisenberg balls of radius 2 to cover such a ball. (Compare Lemma 6.4.)

Taken together, these two estimates yield the quantity in (5.2). U

We now prove the indicated dimension estimate (5.1). Fix s’ > s and € > 0 and cover
A with balls By (p;, ri) so that r; < € and Zi rf < €. Then Pyw(A) is covered by the sets

Pyw(Bg(pi,ri)). By Lemma 5.2, the set Py (A) can be covered by balls By (p;j, rl.z) NW, where
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1<j<N=00"""%.Lett' = 1(s' —m) +n+ 1. Then
Hy o (Pa(A) S Y3 0> =) Nirdt <C Y rf ™2 =C ) i <Ce.
1 ] l l l

Letting ¢ — 0 gives H%(PW(A)) = 0. Letting s — s (so ' — 1) we conclude that
dimy Pw(A) < %(dimH A — m) + n + 1 as desired. This completes the proof of the upper
bound in (1.6).

Next, we turn to the lower bound in (1.6). We begin with the lower bound ¢ > %(s —m). The
argument is similar to that used in the proof of Proposition 4.7 in [2]. Our starting point is the

following sequence of lemmas, cf. Lemma 4.8 and related statements in the proof of Proposition
4.7 in [2].

Lemma 5.3. There exists C > 0 so that |la=! xbxal||}, < b3, + ClIbl|3, whenever a, b € H"
satisfy llallg < 1 and ||bllg < 1.

Lemma 5.4. There exists C > 0 so that ng,l(BH (g, r)NW)YNB C Ny(q*V, C\/r) whenever
qgeWand0 <r <1.

Here
B =By (0,1) (5.3)

denotes the unit ball in the metric dy on H", while Ny (A, €) denotes the e-neighborhood of a
set A in (H", dy).

Lemma 5.5. There exists an absolute constant C > 0 and N = O ~"™?) points Dj
contained in the fiber PV_VI(q) so that the family {By(pj,C/r) : j = 1,..., N} covers
Py (Bu(q,r) N B.

Now let A C H" be a Borel set; we claim that dimyg Pw(A) > %(dimH A — m). Without
loss of generality we may assume that A is bounded, and (after a dilation) we may assume that
A C B where B is as in (5.3).

Fix now ' > t = dimy Pw(A) and € > 0 and let {Bg(g;, r;)} be a family of balls with
gi € W so that Pw(A) C |J; Bu(qi,ri) and ), rl.’/ < €. We can apply Lemma 5.5 to each
ball By (g, ri), obtaining balls {By (p;j, C/ri) : 1 < j < N;} with N; = O(ri_m/z) so that
A C U, ; Bu(pij, C/ri). Then, with s’ =2t + m we find

DdlamBH(pu,C\/E))S < CZ S/2<cers/2
<CZ (s'=m)/2 CZr < Ce.

Since € can be made arbitrarily small, we conclude that s = dimy A < s’ = 2t/ + m. Letting
t' — t we conclude that s < 2t + m as desired.

We now prove the remaining dimension lower bound ¢ > max{s —m —1, 2s —2n—m —2}. The
argument for this case is similar to that used in the proof of Proposition 4.9 in [2] and uses the
Dimension Comparison Principle for H" together with a slicing theorem. However, in contrast
with the case considered in [2], we use here the Heisenberg slicing Theorem 1.5 instead of the
Euclidean slicing theorem. (We will prove Theorem 1.5 in the following section.)



Z.M. Balogh et al. / Advances in Mathematics 231 (2012) 569-604 593

Let A C H" be a Borel set and let V € Gp(n, m), and recall that our goal is to prove
t > max{s—m—1,2s—2n—m—2} where s = dimy A andt = dimpy Py.(A). We may assume
without loss of generality that s > m + 2 (otherwise, the preceding lower bound t > (s —m)/2 is
stronger). This estimate will follow from the Dimension Comparison Principle and the Euclidean
dimension estimate

dimpg PVJ_ (A) >dimg A —m — 1. 5.4

In order to prove (5.4), we make use of the fact that for a given V € Gy (n, m), the set
(U e Gp(n,m) : U-NV = {0}}isa non-empty open subset of Gj(n, m) and therefore of
positive i, , measure. This observation, together with Theorem 1.5, allows us to choose for
small ¢ > 0 an element U € G (n, m) and u € U such that

1. wy1|ys : UL — V4 is one-to-one, and
2. dimy (ANUL) > dimy A —m — e.

For such a choice, the map Py |y : Ul — V+ is bijective. Surjectivity is obvious. To see that

the map is injective, note that points in IUML can be written in a unique way as (zy L, t) * (u, 0).
Then

Pyi((zys, 1) * (u,0)) = Pyr((CyL, ) * (u,0),
or, equivalently,

(myr(zyr +u), t +2w(zyL, u) — 2wy (zyL +u), wy(zyL +u)))
= (wy1 Gyt +u), T +20(yL, u) — 2wy (yr +u), wy (GyL +u))).

The latter equation implies that
myL(zyr +u) =mwy(CyL +u)
and thus
myL(zyr) =y (CyL).

Since my 1|1 1s one-to-one, it follows that z;;1 = ¢y and then, by considering the second
component, also that = 7. This proves that Py |Uu¢ is bijective. In fact, it is locally bi-Lipschitz
with respect to the Euclidean metric dg. Indeed, consider the inverse

(Pyilp) ™ V> Uy, (@) (Z.T).

We will in the following give an explicit formula for this inverse map from which it can be seen
that it is smooth, and thus local Lipschitz continuity with respect to the Euclidean metric follows.
From

Pyi(Z,T) = Pyr(zye +u, t +20(zye, ) =(c . 1) € VL,
it follows that

Z = (wyLlp) '@ = i) +u
and

T =1 + 2wty (Z), 7y (Z))
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— {420 <nvL((nVL ly) @ = Ty @) + u), y oy ) ™!
x (7' =y () + u))

Note that 7,1 |1 is linear, so its inverse (which exists as a map from V- to U~ by assumption)
is also linear. It follows that the map

v+ - UL, @t~ (Z,T),

which is given by the above formulas, is smooth and thus locally Lipschitz.
The desired dimension bound (5.4) now follows from the Dimension Comparison Principle
and our choice of U and u, as follows:

dimg Py1(A) > dimg Py (ANUL) =dimg ANTUT

> dimy ANUF — 1 =dimg A —m —e — 1.

Letting ¢ — 0 gives (5.4).

The proof of the universal lower bound for vertical Heisenberg projections can now be
completed using another application of the Dimension Comparison Principle, this time for
vertical subgroups:

dimyg Pw(A) > max{dimy A —m — 1,2(dimg A —m — 1) — (2n — m)}

=max{s —m —1,2s —2n —m — 2}.

6. A slicing theorem in the Heisenberg group

The goal of this section is to prove Theorem 1.5 which computes the Hausdorff dimension of
the intersection of a set in the Heisenberg group with cosets of a generic vertical subgroup. We
also prove related statements on the dimensions of slices by cosets of vertical subgroups.

Let A C H" be a Borel set with positive and finite measure in its Hausdorff dimension. Our
goal is to estimate the dimensions of the slices of A by cosets

Vi=Vtsu, uev,

of a given vertical subgroup V.

The universal upper bound dimg (A N Vj) < dimy A — m 1is easily established for all V' in
Gp(n,m) and ‘H™ almost every u € V. More difficult is the verification of the corresponding
lower estimate:

H™({u € V: dimgyg (AN (VT % u)) > dimyg A —m}) >0 for Un.m a.e. V. (6.1)

Here we will need to impose the restriction dimyz A > m + 2 as postulated in the statement of
Theorem 1.5.

We begin this section with several auxiliary results which will enable us to prove (6.1). The
strategy is similar to that in the Euclidean case. First, we ‘slice’ a given Radon measure p© on H"
with the cosets Vj for V € Gj(n,m) and u € V. We obtain measures (ty , on Vj, see (6.5).
We discuss properties of these measures py ,; in particular we show that if & satisfies a growth
condition for s > m + 2, then many py , have finite (0 —m)-energy, s > o > m + 2. This is the
content of Proposition 6.7 below. It allows us to use the measures py , in order to estimate the
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dimension of A N VuL provided that py , € M(VML), in particular provided that vy, is positive
for up.m a.e. V€ Gp(n, m) and a positive H™ measure set of u € V.
Our point of departure is the subsequent proposition.

Proposition 6.1. Letm € {1,...,n}and s > m + 2. Assume that | is a Radon measure on H"
with compact support such that

uw(By(p,r)) <r® forallp e H",r > 0. (6.2)
Then

Pysu K H™ |V for wy m almost every Ve Gy (n, m). (6.3)

Before beginning the proof of this result, we record the following corollary, which completes
the proof of Theorem 1.1.

Corollary 6.2. Let A C H" be a Borel set withdimyg A > m + 2. Then H" (PyA) > 0 for iy m
a.e. V € Gp(n,m).

Proof. Fix s withm + 2 < s < dimy A. By Frostman’s lemma, there exists a positive Radon
measure p supported on A satisfying u(By(p,r)) < r® for all p € H" and r > 0. By
Proposition 6.1, Pyyu << H™ |V for iy m a.e. V € Gy (n, m). Since (Pyzu)(PyA) = n(A) > 0
the conclusion follows. [

As in the Euclidean case (see, for instance [16, Theorem 9.7]), the proof of Proposition 6.1
uses differentiation theory. But in contrast to that case, it is not possible in this setting to bound
the integral of the lower derivative by the energy integral. In order to remedy this, we have
imposed the growth condition (6.2) on u instead of requiring finiteness of the s-energy.

We will employ a covering argument by balls together with (6.2) to ensure that the given
integral is bounded. To this end, we will need several covering results (Lemmas 6.3-6.6), similar
to the one found in [3], but for higher-dimensional Heisenberg groups. Variants of Lemmas 6.3
and 6.4 can also be found in [4].

Lemma 6.3. Letr A C R***! be bounded, let r > 0, let p € R***T! and let p' € A. Then,
denoting by * the group law in H" and by + the Euclidean group law in R***1 we have

e p'x Bp(p,r) C Be(p' * p, Cr) for some C depending only on diamg A, and
o if p'x p+p” € p xBe(p,r), then |x(p")| <r.

Here as before 7 : H" — R denotes the projection 7 (z, ) = z. The proof of Lemma 6.3 is
analogous to that in [3].

Lemma 6.4. Let A C R*"*! be bounded. Then there exists a constant C depending only on n
and diamg A so that any Euclidean ball Bg(p,r) with p € A and 0 < r < 1 can be covered by
Heisenberg balls By (p1,7r), ..., Bg(pym,r) withM < C/r.

The proof is essentially the same as that in [3]. Translate the center of the given Euclidean ball
to the origin via Heisenberg left translation. The translated set can be covered by parallelepipeds
whose side lengths are comparable to r, except for the ‘height’ (side length in z-direction) which
is comparable to r2. The number of parallelepipeds needed for such a covering can be estimated
by Lemma 6.3. Since each parallelepiped can be contained in a ball of radius comparable to r,
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the result follows by applying another left translation and using the doubling property of the
Heisenberg group.
From Lemma 6.4 we quickly deduce the following covering theorem.

Lemma 6.5. Let b > 0 and py > 1. Consider the set A = {zg € R*" : |z9| < b}. Then there
exists C(n, b, pg) > 0 such that for all0 < r < 1 and zo € A the set

Cr(zo) ={(z,t) e H" : |z =20l <1, t] < po}
can be covered by balls By (p1,71), ..., Bu(pk,r) with K < C(n, b, ,oo)/rz.

Proof. Since C,(z9) has height 2p( it can be covered by at most 2pg/r cubes of side length
2r which are parallel to the coordinate axes. (Note that % > 1 by assumption.) Each of these

cubes is contained in a closed Euclidean ball with the same center and radius +/2n + 1r. By
Lemma 6.4 each of these balls B; can be covered by at most C(n, b, pg)/r Heisenberg balls of
radius r, for some constant C(n, b, pg). The result follows. [

We will also need a covering result of the following type.

Lemma 6.6. There exists C > 0 such that for all 0 < r> < p < 1 the set
Crp={zt)eH": |z] <r, [t| < p}

can be covered by at most C,o/r2 balls By (p1,7), ..., Bu(pk,r).

Proof. The set C,. , can be covered by K parallelepipeds of the form
Boo((0,1).7) = {(z, 1) € H" : |z <7, |t —1i] <17}

with K < 3—’20. (Note that r% > 1 by assumption.) Since B, ((0,1),r) C Bg((0,1), J2r), an
application of the doubling property of H" completes the proof. [J

Proof of Proposition 6.1. We begin by observing for V € G (n,m),u € V and § > 0 that
Pyy(B(u, 8)) = w(Py ' (B, 8))) = u({p : |Py(p) —ul < 8}).

The ball B(u, §) C V can equivalently be seen as a ball with respect to Euclidean metric or with
respect to the Heisenberg metric as the two distances coincide on V. Using Fatou’s lemma and
the transformation formula f gdfin = f (g o f) du for Borel maps and measures (see e.g. [16,
Theorem 1.19]), we compute

// liglliélfS_mPWu(B(u, 8)) dPyspudipymV
< ligll)ing_m /f u{p: [Py(p) — Py(g)|l <68} dugduymV.
By the identity

fu({X: (x,y) € A}) dvy =fV({y: (x,y) € A}) dux

for a Borel set A and locally finite Borel measures i and v on separable metric spaces X and Y
(see, e.g., [16, Theorem 1.14]), it follows that

imints ™ [ [ lp s 1Pv(p) = Pota)] < 8) dug dunn¥
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= 11m1ﬂf3 - f/ Mnm{V 1 [Py((p)) — Py((q))| < 68}) dug dup
—Mmﬂ5m[/mmﬂV v (e (p) — (@) < ) duq dyap

§f 7 (p) — 7w (g)|™"™ dug dup,

where we applied Lemma 2.4 in the last line.
Note that instead of an energy integral of the measure © with respect to the Heisenberg metric
dp, we have obtained the modified energy integral

/ lm(p) —m(g)|™™ dug dup

as an upper bound. We have to make sure that this integral is finite. To this end, let R > 0 be large
enough so that sptu C By (0, R).Fixz € R* and0 < A < 1. Theset {g € H" : |n(q)—z| < A}
is a cylinder over the Euclidean ball Bg(z, A) with center z and radius A in R2". There exists
1 < h(R) < oo such that

{g e H" : |m(g) —z| < A}Nsptu C Bg(z, A) x [h(R), h(R)]. (6.4)

By Lemma 6.5 it follows that the cylinder, and thus also the set on the left hand side of (6.4),
can be covered by at most C(n, R)/A* Heisenberg balls of radius A, where C(n, R) denotes a
constant independent of z and A. Then u({g € H" : |7 (g) — z| < A}) < C(n, R)A~2 and

flfr(p) —z| ™" duq = fo n(lg s 1w (g) —z| < n~V™}) dn
1
= fo (g @ |m(q) —zl <~ '™} dn
+£ wlla @) — 2l < n~ /™) dn

0
sum%+amm]‘¢*wmm
1

which is finite since s — 2 > m. We point out that the given upper bound is independent of z.
This result can be applied to conclude that

/f liarrii(r)lf(S_meu(B(u, 8)) dPyyspu dpwy,mV
is finite. Consequently, for u, , a.e. V € Gy(n, m), we find
li?l)iélfa_meu(B(u, 8)) <oo for PysuaeucV.
Then (6.3) follows from [16, Theorem 2.12 (3)]. [

By Proposition 6.1, the pushforward measure Py u is absolutely continuous with respect to
the Hausdorff m-measure H" |V for y,, m a.6. V € G (n, m). Forany such V and H" a.e.u € V,
we can define slice measures iy, as in [16, 10.1] with the properties that

sptuy., C spt NVE (6.5)



598 Z.M. Balogh et al. / Advances in Mathematics 231 (2012) 569-604

and

| v ) @ = )it Py < 1LY, (6.6)
\Y

More precisely, we start with a continuous nonnegative compactly supported function ¢ and
define a Radon measure v, by setting

Vy(A) = /A(p du

for all Borel sets A C H". As explained in [16, p. 140], it follows that Pyv, is a Radon measure
on V and that the Radon-Nikodym derivative D(Py;vy, H™, u) exists for H™ a.e. u € V. In
other words, for H" a.e. u € V, the following limit exists:

wv,u(e) :=1im(28) ™" Py;v,(B(u, 8)) = 1im(25)_mf @ du.
8§10 310 Py~ (B(u,8))

In the above construction we first fixed ¢ and then defined py ,(¢) by the derivative for ‘H™
a.e. u. The exceptional set of points u for which the limit does not exist will a priori depend on
the choice of ¢. However by the separability of C(‘)" (H"), one can eliminate the dependence on ¢.
Thus we can define for H" a.e. u € V a nonnegative function on CJ (H"™) by

@ — lim(28)™™ / @ du.
810 Py~ (B(u,5))

This functional extends to a positive linear functional on Co(H") and it follows by the Riesz
representation theorem that for H"” a.e. u € V there exists a Radon measure py , so that

[ ¢ duva=timen [ v du
310 Py~ (B(u,8))

for all ¢ € C(J)r (H"). This gives immediately

sptiey ., C sptu N PQ](u) = sptu N VML.

We call py , the slicing measure associated to the subspace V at the point u.
Because any lower semicontinuous function g : H” — [0, oo] is the limit of a nondecreasing
sequence ¢; € Car (H") it follows from the above identity that

/ g duy, < liminf(28)~" / gdu (6.7)
§—0 Py~ (B(u,8))

for H™ almost all u € V.
Now let B be a Borel setin V and let ¢ € CaL (H™). Theorem 2.12(2) in [16] implies that

/BD(Pqu,, H™, u) dH"u < Pysvy(B) = / @ du (6.8)

P, (B)

with equality if Pysv, < H™. The left-hand side of (6.8) is equal to

/lim(28)_m/ ¢ dudH™u :f /guduv,u dH"u,
B 840 Py~ (B(u,8)) B
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so we conclude for any ¢ € C(J)r (H") and any Borel set B C V that

/ /90 duy,, dH"u < / @ du (6.9)
B Py (B)

with equality if Pyzv, < H™. Since

PVttvw(A)=f 9 du = el Prgi(A),

Pyl (A)

the absolute continuity statement Py << H™ [V implies Pyyv, < H™ [V forall ¢ € Car (H™).
Hence, equality holds in (6.9) for any Borel set B in V and ¢ € C(J)r (H"), provided that
Pysp < H™|V. We remind the reader that 1, ,, a.e. V is of this type.

Using again the fact that every lower semicontinuous function on H" is a nondecreasing
limit of functions in Car (H™) we conclude that (6.9) holds for functions which are merely lower
semicontinuous: for each lower semicontinuous g : H* — [0, oco] we have

/ /g duy,u dH" () < / g du (6.10)
B Py (B)

for all Borel sets B C V, with equality if Py;u < H™[V.Inserting B =V and g = 1 yields

pH") = / pv,u ) dH"u if Pyyp < H™ V. (6.11)
A\
Next, we provide an analogue of Theorem 10.7 in [16].

Proposition 6.7. Let s and (v be as in Proposition 6.1 and [y, be a slicing measure defined as
above. Then

f / o m (i ) AH"u djt V' < 00 (6.12)
A\

for each o satisfyingm +2 <o <.

Proof. To prove (6.12), we start by inserting the definition of the energy integral,

I = /f Ia—m(,uV,u) dH"u dﬂn,mv
\Y

= /‘[“, /:/ dH(pa Q)m—G d,bLV,up dl’LV,uq deMd,lemV

Inequality (6.7), Fatou’s lemma and Fubini’s theorem yield

I < liminf(28)™"™ /f /f du(p,q)" ° dupduy ug dH"udpy mV
§—0 v J i p: | Py(p)—ul<8}

= liminf(28) ™" / / f / A5 (. 0" djry g AH"u dap diin V.
§—>0 {ueV: | Py(p)—u| <8}

Using inequality (6.10) for w, , almost every V € Gp(n,m) with B = {u : |Py(p) — u| < 8},
this can be further estimated:

I < liminf(26)™" f/f dy(p, )" 7 dug dup dipm V.
§—>0 {q: IPy(p)—Py(q)|<8}
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Then by a second application of Fubini’s theorem,
< mint@0) ™" [ [ w0V 5 1Pop) = Put@)] = )i (p.0)"™" dng dap

N // I (p) — ()| " du(p, ¢)" ° dug dup.

Here we have again exploited the fact that Py can be seen as a Euclidean orthogonal projection
in the plane and we concluded by applying Lemma 2.4.

In contrast with the Euclidean case, we have obtained here yet another modified energy
integral, this time involving the kernel function

K(p) =z liplly 7,

where || - ||y denotes the Kordnyi norm defined in (1.2). Observe that this kernel presents
a stronger singularity than does the kernel for the usual o-energy, in view of the inequality
|t (p)| < ||pllg. Nevertheless, we will still show that the integral in question is finite. In fact, we
claim that there exists a finite constant C = C(u, s, o) such that

/ 7 (p) — 7@ " s (p, ¢)"° dug < C 6.13)

for all p € spt(u). Observe that the integrand in (6.13) is invariant under the left translation
L, :H" — H" givenby L ,-1(g) = p~ s q. As aresult, it suffices to assume that p = 0. The
pushforward measure (L P fulfills the same conditions as x and has the same total measure.
By applying a suitable dilation we can further assume that v is supported in the closed unit ball
B = By(0,1).

The preceding discussion indicates that it suffices to prove that

f @I " ligly " dvg < C

for some C = C(s, o, v(H")) and any Radon measure v on H" supported in B and satisfying the
growth condition v(Bgy (p,r)) < r® for all p € H" and r > 0. To this end, we compute

f|n(q)|—m||q||”;,‘“ dvg =f|;|—’"(|;|4+r2>’"4“ dv(¢, 1)

~ / lglly® dv(z, ) +f 121727 7 du(g, 7).
{Ig12>]7]} {1212 <]z}

We consider separately the two integrals

I :=/ Igll7" dv(Z,r) and Ja :=/ 127212 dv(g, 1).
{1212=]7 1) {1¢12<|7]}

First,

e}

0
_ _ 1
Ji S/H gy dvq:/o v({g @ llglly” = A} dk:/o V(Bu (0,27 7)) di
o0

1
= 0/ v(By (0, r)r 7! dr+a/ V(B (0, r)r— tdr
0 1

1 (6,¢]
< 0/ rmoldr 4 v(]HI")U/ r=~ldr = Ci(s, 0, v(H")) < oo.
0 1
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Concerning the second integral, we decompose

{(c.neB: 0<cP<th=Jl@. vy eB: 27t < ¢ <27z}
i=0

For 2=i=!7| < |¢|* < 277 |7| we have |¢|~! ~ 23|t|~1/2. Hence
o© i 1 m—o
nxy [ @b le1~5) 121" du(g, 7)
= S =i p <2y
o0 .
= Z/ 2% 7|77 dv(Z, T)
=0 S ni=icp <2

o0 .
. NS o A
ljz:o/{zljz S |§.|2 < 2—1—] 2 2 (2 ) 2 dV(f, T)

277 < g <27/

%

0 im , 0j
= Y 27 7u(A ),

i,j=0
with
Aij =1, 1) 270D < g < 27 FD2 7t < |7 < 27},

We cover A; ; by balls of a fixed radius comparable to 27+7)/2 and use the growth condition
on v to estimate v(A; ;) from above. We slightly enlarge the set A; ; by taking the cylinder over
a ball instead of the cylinder over an annulus. The number of balls needed to cover this set can
be estimated by Lemma 6.6. Applying this result with p = 27/ and r = 2=¢+)/2 jt follows that
A,.j can be covered by at most C4 = 2'C balls of radius 2~¢+/)/2, where C is independent of
r and p. In this case, the growth condition on v implies that

V(A ) 2 (27THDR) = g,

Therefore,

(0, ¢] o0
im o) . sG+)) -—S+(m+2)) o
h< S aErd i o g () <6y < o
i,j=0 i,j=0

since s > m + 2 and s > o. Note that C; and C; depend only on s, o, m and diam(sptu). This
proves (6.13) and hence (6.12). [J

We are now prepared to prove Theorem 1.5.
Proof of Theorem 1.5. First, we prove the universal upper bound
dimg (A NVE) < dimy A —m (6.14)

for all V € Gj(n,m) and ‘H™ almost all u € V. Since Py : (H",dy) — V is Lipschitz, it
follows from [8, 2.10.25] that

/Hiq""(AmVj) M =fH“}1""(AﬂP§1<“)) AHu S Hyp (4).
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If s > dimy A then H}; (A) = 0 and the integrand H}; ™ (A N V1) is zero for H™ almost every
u € V. We conclude that dimg (A N Vj) < s — m from which one obtains (6.14).

Next we prove (6.1). Denote s = dimy A > m + 2. Then there exists a measure p which
fulfills the assumptions of Proposition 6.1. For V € G, (n, m) denote

Ey ={u € V: uy, is defined and py ,(H") > 0}.

For w,m ae. V € Gp(n,m) we have by (6.11) and Proposition 6.1 that H"(Ey) > 0,
and further by Proposition 6.7 that for any m + 2 < o < s, Io—pn(uy,,) is finite for H™
a.e. u € Ey. Then since wy , is supported on sptu N Vj C AN VuL (see (6.5)), this implies
that dimgy (A N Vj) > o0 —m for H" a.e. u € Ey. As 0 < s was chosen arbitrarily, this gives
dimg (AN Vj—) > dimy A — m for H™ a.e. u € Ey and completes the proof. [

We conclude this section with an alternate version of the slicing theorem which is closely
related to Theorem 1.5.

Theorem 6.8. Let A C H" be a Borel set with 0 < H';(A) < oo for some s > m + 2. Then for
H}y a.e. p € Awehavedimy (AN VI%) =5 —mfor ymae V € Gp(n,m).

Note here that we have used the notation Vi for points p which are not necessarily in V.

Proof. First, we prove that dimgy (A N V}%) > s —m for p,, ae. V € Gp(n,m) and Hj,
a.e. p € A. Suppose that this conclusion fails to be true. Then there exists 0 withm 42 <o < s
and a compact set F C A so that H};(F) > 0 and p, ,({V : dimgy(A N Vlf) < o —m})
is positive for all p € F. By Frostman’s lemma, there exists a measure © € M(F) so that
w(Bg(p,r)) < r® for all p € H" and all r > 0. By Fubini’s theorem (the measurability
assumption is easily verified in this setting due to the compactness of F),

f u({p - dimp (FNVy) <0 —m}) dinmV

= /un,m({v :dimy (FNVy) <o —m})dup > 0.

Hence there exists a compact set G C G (n, m) so that w, ,(G) > 0 and
u({p :dimy(FNV)) <o —m}) >0 forallV €G.
By Proposition 6.1, (Py)su < H™ for ., a.e. V, and so

H™({u : dimyg (FNVE) <o —m)) >0 for i, ,ae. VeG. (6.15)

Here we used the elementary fact that Vj = Vj for every p so that Py(p) = u.
Now the slicing measure py , is defined for u, , a.e. V € Gy(n,m) and H" a.e.u € Vasa
Radon measure on F N VML. By Proposition 6.7,

f/ Io—m(puy.) dH"udpy mV < oo. (6.16)
1%
But I (v, ) = oo when uy , (H") > 0 and dimy (F N Vj) <o —m. By (6.15) and (6.11)

/ / Ia—m(,uV,u) deud/’Ln,mV = 00,
GJV

which contradicts (6.16) and consequently finishes this part of the proof.
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Next, we prove that dimg (A OVI%) < s—mfor u, ,;, ae. V€ Gy(n,m)and Hy, a.e. p € H".
The argument is a modification of the proof of [15, Lemma 6.5]. It suffices to show

*
f Zm(A\C(P,r)ﬂVIf) dinmV < 00

for all r > 0, where C(p,r) = {q : |[7(p) — m(g)| < r}. Left translating by p_1
fact that V. is a normal subgroup, we may assume that p = 0.

For each k € N choose balls By ; satisfying A\ C(0,r) C Uj By,; C H" \ C(0,r/2),
Zj (diam By ;)* < H}y(A) + 1, and diam By ; < % Let pi ; be the center of By ;. Then
|7 (pk,j)| > 5. By Lemma 2.4,

and using the

tnm({V € Gpn,m) : VEN B j # 0D < pam({V < |7ty (w(px, )| < diam By ;})
<cC (%)_m (diam By )™,

Hence f diam(By ; N Vé)s_m dpn,,mV S r~"™(diam By ;)°. Applying Fatou’s lemma yields

k
[ a0Vt dunny = [ ming S am By 0V dpnn
— 00 .
J

k—o00

< liminf ) ° / (diam By ; N VY™ dy mV
j

STy (diam By )t < r " (MY (A) + 1)
j

which is finite by assumption. The proof is complete. [
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